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G ravitational w aves in m agn etized  re la tiv istic  plasm as
J. M oortgat* and J. K uijperst
Department of Astrophysics, University of Nijmegen,
PO Box 9010, 6500 GL Nijmegen, The Netherlands 
(Dated: 7th February 2008)
We study the propagation of gravitational waves ( g w )  in a uniformly magnetized plasma at 
arbitrary angles to the magnetic field. No a priori assumptions are made about the temperature, 
and we consider both a plasma at rest and a plasma flowing out at ultra-relativistic velocities. In 
the 3+1 orthonormal tetrad description, we find that all three fundamental low-frequency plasma 
wave modes are excited by the g w .  Alfven waves are excited by a x  polarized g w ,  whereas the slow 
and fast magneto-acoustic modes couple to the +  polarization. The slow mode, however, doesn’t 
interact coherently with the g w .  The most relevant wave mode is the fast magneto-acoustic mode 
which in a strongly magnetized plasma has a vanishingly small phase lag with respect to the g w  
allowing for coherent interaction over large length scales. When the background magnetic field is 
almost, but not entirely, parallel to the GW’s direction of propagation even the Alfven waves grow 
to first order in the GW amplitude. Finally, we calculate the growth of the magneto-acoustic waves 
and the damping of the GW.
PACS numbers: 95.85.Sz, 04.30.-w
Keywords: general relativity; gravitational waves; MHD; astrophysical plasmas; gamma ray bursts; magnetars
I. IN T R O D U C T IO N
The in teraction of gravitational waves (g w ) w ith a 
m agnetized plasm a relies on the non-isotropy of the m ag­
netic field and the fact th a t bo th  GW and electrom agnetic 
waves propagate a t the speed of light in vacuum. In vac­
uum , the GW excites an electrom agnetic wave p ropagat­
ing in the same direction as the  GW at the  speed of light 
as was first realized by [1]. P ropagation  through a perfect 
collisionless fluid does not affect a GW [2, 3], bu t in an 
astrophysical plasm a the electrom agnetic field is coupled 
to  the m a tte r and, indirectly, the  GW in teracts w ith bo th  
the electrom agnetic fields and quantities such as density, 
pressure and currents [4].
For a sum m ary of previous work on the in teraction of 
a GW w ith plasm a waves we refer to  the  in troduction  of
[5], referred to  from hereon as P aper I, and references 
therein  and [6] for more recent work.
In this paper we study  the full problem  of a plane 
fronted, m onochrom atic GW of either +  or x polariza­
tion  propagating  obliquely through  a m agnetized colli- 
sionless plasm a. Furtherm ore, we d o n 't specify w hether 
the  plasm a is Poynting flux or m a tte r dom inated. Also, 
we allow for relativistic velocities as we w ant to  apply 
our results to  an ultra-relativ istic  force-free wind or jet.
The outline of this paper is as follows. We s ta r t in 
Sect. II w ith a discussion of the E instein field equations 
(e f e ) describing bo th  the background curvature due to  
the  sta tic  energy content and the dynam ical in teraction 
of space-tim e w ith a tim e dependent energy-m om entum  
density. In the geometric optics lim it (Sect. IIB ) the
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GW can be trea ted  ju s t like photons traveling on null 
geodesics. In Sect.s I ID  -  I IE  we recap itu late how the 
proper reference frame of an observer (the 3 + 1  or­
thonorm al te tra d  frame) is defined by taking snapshots 
of four-dimensional space-tim e and using ord inary  vec­
to r calculus on these spatial hypersurfaces. Also, the 
covariant derivatives and connection coefficients for such 
a non-coordinate frame are sum m arized. A closed set 
of linearized general relativistic m agneto-hydrodynam ic 
(m h d ) equations is derived in Sect. III and solved alge­
braically  in Sect. IV . We find th a t all the  fundam ental 
plasm a waves are excited: a +  polarized GW excites fast 
m agneto-acoustic waves, which was expected from previ­
ous idealized calculations in [7] and P aper I. In this paper 
we extend th is result to  a realistic fast m ode w ith bo th  
electrom agnetic and gas properties and find th a t also the 
slow m agneto-acoustic mode is excited (Sect. IV E ) . A 
com pletely new result is th a t a x polarized GW propa­
gating a t an angle to  an am bient m agnetic field excites 
Alfven waves in the plasm a (Sect. IV  D ). The space-tim e 
solutions in the comoving frame are derived in Sect. V 
and boosted to  an ultra-rela tiv istic  wind in the  the ob­
server frame in Sect. V I. In the  lim it where the phase ve­
locities of the  Alfven and fast m ode approach the speed 
of light the waves can in teract coherently, which results 
in linear grow th of the am plitudes. For the  Alfven mode 
th is also requires th a t the angle w ith the m agnetic field 
is very small (Sect. V C ).
Finally, we investigate the  back-reaction on the GW in 
Sect. VII and find th a t as the plasm a waves grow, the 
GW is dam ped w ith a group velocity th a t decreases lin­
early  w ith distance. An intuitive in terp re ta tion  of some 
of these results is presented in Sect. V III, and  we end 
w ith conclusions in Sect. IX .
T hroughout this paper G aussian geom etrized units are 
adopted (G =  c = 1 ) .  L atin  indices a . . . e  s tan d  for 
0 ,1 , 2, 3, and i, j , k for spatial com ponents 1, 2, 3.
2II. E IN S T E IN -M A X W E L L  E Q U A T IO N S
In Lorentz gauge, the  linearized Einstein field equa­
tions (e fe )  for weak gravitational waves in teracting  w ith 
a m agneto-fluid read [8] :
G ab ~  - ] p h ab =  87rô T ab, (1)
where STab is the oscillatory p a rt of the  energy- 
m om entum  tensor. If we further specify to  the transverse 
traceless ( t t )  gauge and consider a GW propagating in 
the z direction, the only independent com ponents of h ab 
are hxx =  — h yy =  h+ and hxy =  h yx =  h x indicating the 
+  and x GW polarizations respectively. The individual 
propagation  equations for the two polarizations are:
□  h+ =  —8n(S T xx — STyy ), (2a)
□  h x =  —8n(S T xy +  STyx). (2b)
As an example, a GW propagating  perpendicularly  to  a 
background m agnetic field B 0 excites pertu rbations B^ 
th a t produce an oscillating cross te rm  in the stress-energy 
tensor and (2 ) take the form [1]:
□ h + (z , t) =  4B 0B x(z , t), Œ x =  0. (3)
From  M axwell’s equations (coupled to  the  e f e  via the 
twice contracted  Bianchi identities and consequently con­
servation of energy-m om entum  V bT ab =  0) one finds 
wave equations for the plasm a quantities in which the 
GW appears as a source term :
□ B 1 (z ,t)  «  h+ (z ,  t)B 0, (4)
where □  is some wave propagator. (2) together w ith (4) 
self-consistently determ ine the in teraction between the 
GW and the plasm a waves (as we will work out in more 
detail in Sect. V II).
A. B ackground  cu rv a tu re
an example, a background m agnetic field com parable to  
the surface field of a neutron  s ta r (B 0 ~  108 T) curves 
space on a scale of ~  1010 m. If this field would rem ain 
constant w ith distance, all the  GW energy would be con­
verted to  EM energy on a length scale of order R . In 
reality, we will be studying a force-free plasm a wind in 
which the m agnetic field falls off linearly w ith distance. 
In this case the background curvature also decreases and 
the in teraction  length scale is much smaller th an  the ra ­
dius of curvature.
The opposite lim it of a weak prim ordial m agnetic field 
w ith an extrem ely large spatial extent was discussed by
[9] who argued th a t it is very difficult to  keep the in ter­
action coherent on such a scale in a universe th a t is not 
a perfect vacuum.
B. G eom etric  op tics
The grav itational waves are assum ed to  be of the form: 
h + ,x ~  H (z )e iw(z-t) w ith a slowly varying am plitude 
such th a t ujTL(z ) an(i  ^  ^  1- This is the
short wavelength, geom etric optics lim it where GWs be­
have as rays moving on null geodesics k ak a =  0 th a t 
experience dispersion, refraction, lensing etc. The GW 
move in an essentially flat Minkowski background, r/ab, 
so the full m etric is gab =  n ab +  hab w ith |hab| C  1 and 
self-interactions (of order h2) are negligible.
We will s tudy  the propagation of transverse traceless 
grav itational waves in a m agnetized plasm a a t a rb itra ry  
angle 0 to  a background m agnetic field B 0. Also we 
don ’t  specify the tem pera tu re  (or equivalently the pres­
sure) regime except th a t the tem pera tu re  equilibration 
tim e between the different particle species is short as 
com pared to  o ther characteristic  timescales to  comply 
w ith a hydrodynam ic description. The only o ther non­
vanishing plasm a quantities in the  equilibrium  s ta te  are 
then  the energy density  and pressure p 0. The pass­
ing GW will excite small (first-order) pertu rbations in all 
plasm a quantities, denoted as for instance: p  +  ^ 1.
The exact (non-linear) E instein field equations de­
scribe the curvature of space-tim e due to  the presence 
of m atte r and energy. This curvature is described by 
the contracted  R iem ann tensor w ith an associated char­
acteristic length scale, R , given by the m agnitude of i t ’s 
largest com ponents as:
R ab =  8tt ( r ab -  \ g abT^j , (5a)
^ 2  -  (B ° )2. (5b)
W hen the in teraction  w ith a m agnetic field excites elec­
trom agnetic waves growing linearly w ith distance, viz 
B 1 «  B 0h+kz we can see from our rough estim ate (5b) 
th a t the  fraction of GW energy th a t is converted into elec­
trom agnetic waves is proportional to  B 1/h +  «  z / R .  As
C. N o coupling  to  u n m ag n etized  p lasm a
The stress-energy tensor for a homogeneous perfect 
fluid in the rest frame of an observer (u a =  (1, 0 , 0 , 0 )) is:
T ab =  (p +  p ) u au b +  p g ab. (6 )
A linearly polarized GW will produce pertu rbations in p, 
p  and u® of order h + ,x . However, the S T c o m p o n e n ts  
are all higher order except for the trace STM, which is 
purely gauge. Explicitely, in (2) T xy =  T yx =  0 and 
T xx T yy =  0.
Therefore a gravitational wave cannot couple to  an un­
m agnetized perfect fluid in linearized theory  [3]. Only 
relativistically  gyrating particles can in teract w ith a x 
polarized GW th rough non-linear (p+p)v®Vj term s [10, 11].
3D. S pace-tim e sp lit
To simplify equations, we will use the so-called 3+1 
split of space-tim e [12, 13]. A time-like observer moving 
w ith 4-velocity u a perceives space as the  3 dim ensional 
hypersurface [19] orthogonal to  u a, and u a itself as the 
tim e axis. We can define u a( x b) a t each point in space­
tim e as the direction of time, and define space as the 
snapshots  of space a t constan t tim e. Subsequently, we 
can split equations into their space and tim e com ponents 
by using the parallel and orthogonal projection operators 
U ab =  —u au b and H ab =  gab +  u au b, respectively, w ith
U o +  H  O, =  Sab.
As an example, the covariant electrom agnetic Faraday 
tensor F ab (and i t ’s dual T ab =  \ e abcdF cd) can be sim­
plified by splitting  it into its tim e and space components:
F  =  (U a U bd +  H acH bd) F cd
b a b abc abcB c (7)
bcwhere we have defined B a =  | eabcF and in'* =  f  
th a t reduce to  the m agnetic and electric field, respec­
tively, in the  rest frame of an observer. The last equal­
ity  in (7) is only valid in the  ideal MHD approxim ation 
E a =  0. Since E a =  eabcu bB c or E  =  — v  x  B  the  require­
m ent th a t  the  comoving electric field vanishes replaces 
O hm ’s law. Similarly, the covariant Maxwell equations 
can be split in to  their space and tim e com ponents. For 
a derivation we refer to  [12].
E. P ro p e r  re ference  fram e
Covariant derivatives are defined as: V aT bc =  e aT bc — 
r dbaT dc — r dcaT bd, where the  connection coefficients are 
linear com binations of the  com m utation functions j abc 
and not derivatives of the  m etric as in a coordinate frame 
[8] [20] :
T a b c  — 2 ^ a d ^  cb ca T]cd^{ a b ) i ( 1 0 )
and are skew in the first two indices, F(ab)c =  0.
There seems to  be some inconsistency in the lite ra tu re  
on the explicit form of the connection coefficients. In a 
coordinate frame, the connection coefficients are given by 
the Christoffel symbols. For the m etric (8) the Christof­
fel symbols are «  h /2  and have 12 non-vanishing com­
ponents for each polarization. The explicit form of these 
com ponents are given in [14] and [7], bu t it should be 
noted  th a t in [14] one of course also has the sym m etric 
com ponents, and in [7] r 010, r 001 should be r 110, r 101.
In the orthonorm al te tra d  frame the connection coef­
ficients only have 8 non-vanishing com ponents for each 
polarization:
r [02] 2 —r [01] 1
r [20] 1 - r
2 d t
1 d h x
r [32]2 - r
1 dh+
[31] 1
[01]2 2 d t
r [13]2 - r
2 d z
1 d h x
[32] 1 2 d z
where r [ 01]1 stands for r 011 =  —r 101 etc.
The E instein field equations and the equations of 
geodesic deviation are derived from the R iem ann cur­
vature tensor, th a t in the ONF is given to  first order in
h+,x  by:
In describing the in teraction of a GW w ith a plasma, 
one has two choices for the  reference frame. One is the 
transverse-traceless coordinate frame, discussed in the 
previous sections, which is tuned  to  a GW w ith metric:
gTT
—1 
0 
0 
0
0
1 +  h+ (z, t) 
h x ( z , t )
0
0
h x ( z , t )
1 — h+(z, t) 
0
(8 )
The n a tu ra l reference frame of an observer, however, is 
an orthonorm al te tra d  frame (o n f ). The basis vectors 
th a t rem ain orthogonal in the  presence of a TT plane 
polarized GW are:
e 0
e 1
e 2
e 3
( & 0 ,0 ,0 ),
( 0 , ( 1 - ^ , - Y t , 0 ) ,  
( 0 , - ¥ £ > ( i  +  ^ ) £ > 0 ) ,  
( 0 ,0 ,0 ,^ ) ,
(9)
where the partia l derivatives reflect the notion th a t in 
curved space-time, tangen t vectors and p artia l deriva­
tives are equivalent. W ith  respect to  these basis vectors 
the  m etric is r/ab.
bcd e c T abd — e d T abc +  O [h2]. (11)
The Ricci tensor R ab is ju s t a contraction  of (11) and to  
first order reduces to  the  same form as in the TT coordi­
nate  frame. This m eans th a t  the E instein field equations 
in the proper reference frame also have the same form as 
in (1) (we will use this in Sect. VII when discussing the 
dam ping of the  gw ).
The driving force of a GW on a test particle is also 
described th rough the R iem ann tensor in the form of the 
equations of geodesic deviation:
d 2 x
d t2
h+ hx 0 x
h x — h + 0 y
0 0 0 z
(12)
where =  ^ 2^+,x- This equation will be im portan t 
for our in terp re ta tion  of the in teraction  w ith a m agnetic 
field in Sect. V III.
III. G E N E R A L  R E L A T IV IS T IC  M H D
T hroughout th is paper we assume th a t the MHD ap­
proxim ation is valid, viz th a t the plasm a is a collision- 
less one-fluid w ith negligible viscosity, resistivity  and heat
c
4flow. In con trast to  some definitions of the MHD approx­
im ation, however, we do allow for relativistic velocities 
which m eans th a t displacem ent currents cannot be ne­
glected and a generalized definition of the  Alfven velocity 
is needed (Sect. IV ). We don’t  restric t the  angle between 
the GW propagation  and the background m agnetic field, 
bu t w ithout loss of generality  choose it to  lie in the x-z 
plane.
A. C oup ling  to  th e  e lec tro m ag n etic  field
w ith p  a t constant entropy:
dp  
d pcs2 =
yp
ad 0
(18)
The m atte r density p  can be solved from the covariant 
conservation of proper num ber density, n  =  p / m e, which 
is given by V a( n u a) = 0 .  In the  orthonorm al comoving 
frame to  first order one finds:
d p 1 -,
—  +  „ , V - ,  = 0 . (19)
A gravitational wave propagating through a uniform  
m agnetic field B 0 produces a Lorenz force F L given by 
the projection of A m pere’s law, V bF ab =  j a, perpendic­
u lar to  B 0:
F i  = f , B « = i B ° - V ' B 1 - V
L J 4tr
|B < f  d v '  +  & d _ {v l  ß 0 ) _
B 0 B 1
4n  d t  4n  d t
4n  
J e  x B °  
4n .(13)
F araday ’s law, V bF ab =  0, is given in the  3 +  1 split by:
d B 1 
~d t
( B 0 • V )v 1 — B 0(V^ v 1) — jB . (14)
The projection of (14) onto B 0 governs the evolution of 
the  m agnetic energy density:
d  B °  B 1 
d t  An
B 0 v 1 • B 0 |B 0|
02
4n 4n
- V - v 1 - jB  • B 0
4n
The GW source term s in (13-15) are given by:
(15)
B0 d  I —hx
JE = T ^ (  V j B I2 d t
(16)
C. E n erg y  conservation
T he conservation of energy and m om entum  follows 
from the divergence of the EFE ( (1)) as:
V b T ab =  Vb • [(p +  p ) u au b +  p g ab] — F abjb  =  0. (20)
C ontracting (20) w ith U ca leads to  the  energy conserva­
tion  equation:
d
— [r 2( p + p )  -p] + v  • [ r2( p + p ) v ]  = o, (2i)
In the comoving frame ( r  =  1) we can elim inate p  in 
favor of p  from (17) and (19):
^ 7  +  7P°V  • v l =  0. (22)
Note th a t  from hereon, (19) is redundant and can be 
dropped from our set of equations altogether. I t can be 
solved separately  to  find p 1 from v 1 .
In the cold non-relativistic lim it when the in ternal en­
ergy is negligible w ith respect to  the  rest-m ass energy 
(p C  p ), (21) reduces to  (19) as in P aper I.
B . Eq. of s ta te  & C onserv a tio n  of n u m b er d ensity
From  the first law of therm odynam ics, dU  =  d Q —p d V , 
we can find the in ternal energy per un it mass, U , as a 
function of the pressure, p , the  specific volume per unit 
mass, V  =  1/ p , and the heat flow th a t, however, vanishes 
under the MHD condition: dQ  =  0. We assume an adia­
batic  equation o f  state p  =  K p Y, where y  is the  adiabatic 
index, which lies in 4 /3  <  y  <  5 /3 . The to ta l relativistic 
m a tte r energy density  w ith respect to  the 4-velocity of an 
ideal fluid (w ith the velocity of light included explicitly) 
is given by:
p  — p(c2 +  U  ) — pc2 + p (17)
and the relativistic enthalpy is defined by w 0 =  p 0 +  p 0. 
From  these expressions we can derive the proper relativis- 
tic sound velocity by considering the change in pressure
D. C onserva tion  of m o m en tum
The equation of m otion or m om entum  conservation in 
a 3 +  1 split is projected  out by H ca:
d
— [ r 2(p  +  p)v]  +  v  • [r2(p  +  p ) w  +  pi\ = j  x B ,
(m° + v p1 j 1 X B 0. (23)
The Lorentz force couples the m a tte r to  the electrom ag­
netic fields and the GW source term s, which is apparen t 
from combining (13) and (23):
d v 1 ( B 0 • V ) B 1 „  ( B 0 • B 1
= - Vp + — s ----------v  H e r -
+
B 0 d (v 1 • B 0) jE  x B 0
4n d t 4n (24)
5where we have defined:
020 |B 0|
Wtot =  W H------—
4n
(25)
This form of the equations of m otion is also found 
by explicitly evaluating the divergence of the electro­
m agnetic p a rt of the  stress-energy tensor, V bT |M  =  
j ^ V b ( F acF bc — \ g abF cdF cd), instead of using A m pere’s 
law. The tim e projection, V bT 0b, then  results in a con­
servation equation for the to ta l energy density, e.g. (15) 
and (22 ) combined.
To sum m arize, in th is section we have obtained a closed 
set of p artia l differential equations of z , t  for the 16 vari­
ables B ,  E ,  j , T ,  v , p , p , p  th a t constitu te  the general rel­
ativistic MHD description of a GW propagating through a 
m agnetized relativistic plasm a. We will first solve these 
equations algebraically in Fourier and Laplace space in 
the next section and subsequently derive the space-tim e 
solutions in Sect. V .
to  allow for growing am plitudes as in P aper I. The wave 
equation (27) can be w ritten  in a sym m etric m atrix  rep­
resentation since the non-linear general relativistic MHD 
equations form a set of sym m etric hyperbolic p artia l dif­
ferential equations:
Dv1 =  J GW ; (28)
where D  is:
/  w2 (1-„A ± )-fc2«An 
0y -(w 2- k 2)ua||«a±
-(w 2 -  k2)uAN «a i  \
w2 -  k2«Ay
w2(1- «a y ) - k2(«m -  «Ay) ;
and, for h+,x «  eiw(z-t) as discussed in Sect. I IB  (but 
see Sect. V II), the  GW source term s JG W are:
GW
2ÎW2u a i  
w — k
uA\\h+ \  
u A\\h x I . 
—u A lh+ J
(29)
B. D ispersion  re la tio n
IV . PL A S M A  W AVES
In a relativistic, m agnetized plasm a the proper sound 
velocity of a compressional wave is given in (18) and we 
define the Alfven velocity of a non-com pressional shear 
wave in the m agnetic field, ua , and the velocity of a 
mixed m agneto-acoustic wave (m sw ), u m, by:
2
u A
|B  0|02
4nwtot 
p 0
+
|B 0|02yp
wtot 4nwtot
(26a)
(26b)
To construct a wave equation  for the plasm a p e rtu rb a ­
tions we take a second tim e derivative of (24) and elim­
inate  B 1 by (14, 15) and p 1 by (22). In term s of the 
characteristic  velocities (26a, 26b) we find:
d 2 2 
~öjä -M mV V '
v 1 d 2
U A ~Q^2~^UA ' V )V (v 1 • u a ) =
^tot
4n V  ( j B • U a) -  "777 C?E X U A ) -  («A • V ) js  d t
A. S y m m etric  m a tr ix  re p re se n ta tio n
We are considering GW -propagation along the z-axis 
w ith the wave vector k  =  (0 , 0 , k) a t an a rb itra ry  an­
gle 0 to  the am bient m agnetic field, which is assum ed 
to  lie in the x  — z  plane. To solve the system  of differ­
ential equations algebraically, we Fourier transform  w ith 
respect to  tim e and Laplace transform  the spatial p a rt
A non-trivial solution for the plasm a waves in (28) 
requires the  determ inant of D  to  vanish. Solving for 
k =  k z (w), since w is fixed by the driving GW, we find six 
solutions:
W =  ±kAuA cos 0 =  ±kAuA\\ (30a)
=  ±]^ =\J{u2m + cWA| | )  ( 3 0 b )
where we have defined the auxiliary param eter:
<0) =
4c2u A\
(um + c2uA \)2 '
(31)
(u a  • V )2v 1 — u a ( u a  • V )V  • v 1 +  GW term s, (27) 
where the GW source term s are now given by:
The negative sign in (30b) refers to  the the relativis­
tic proper slow magnetosonic  waves  w ith phase velocity 
u s =  w / k s, and the positive sign to  the  f a s t  m agnetosonic  
waves w ith  u f =  w / k f . Together w ith the A lfvén  waves, 
we have obtained a 6 x 6 MHD representation  th a t in the 
special-relativistic lim it reduces to  the  equations in [15].
In a low plasm a-beta (ßpi =  4np /B 0), e.g. strongly 
m agnetized, plasm a where u a  ^  c,, the  fast mode re­
duces to  the m agneto-acoustic mode ((26b)) slightly al­
tered  by the presence of the gas, whereas for a high 
p lasm a-beta (cs ^  u a ) it reduces to  a sound wave with 
velocity (18). For the  slow mode, the  behavior is essen­
tia lly  the o ther way around.
The angular dependence is similar: for parallel propa­
gation (0 =  0 ), u f ^ u a  and u s ^ c s, whereas for perpen­
dicular propagation (0 =  n /2 )  which we studied in Paper 
I, uf ^ u m and  u s ^ 0.
C. C oupling
In this section we present a formal derivation of the 
solutions to  the inhomogeneous wave equation (28) fol-
0
0
1
w
2u =m
6lowing [16]. From  (28) we have: E. Slow and  fast M S W  driv en  by +  po larized  GW
D-1 J 1D  J GW (32)
where Aij  (w ,k )  and A(w,k) are the  m atrix  of cofactors 
of D  and its determ inant, respectively. These are related  
by : D kiAkj =  $i j A .
Each solution of A(w, k) =  0 can be identified w ith a 
wave mode M  w ith  w =  w ( k M ) and w ( —k M ) =  —w ( k M ). 
The determ inant can be factored into these wave modes:
As we expect from our considerations in P aper I, a 
+  polarized GW excites slow and fast m agneto-acoustic 
waves in the  plasm a. The velocity com ponents are:
v 1z ( k , w )
v1(k,w)
h+w3u A i w + k
2 (w2 — k 2u2 ) (w2 — k2u s2) w — k  
v z (k,uj) f  _  k 2c2
ta n  0
, (36a)
(36b)
A(w, k) =  (w2 — k2uA \)(w 2 — k 2v ^ ) (w 2 — k 2u ‘^ ) = 0
2 I 1 i  a/1  — a
Uf g = 1 \ . / a
The un it polarization vector  for a wave in mode M , 
n M (k) w ith n M • n*M =  1, can be constructed  from Aij  :
nMi(k)n*Mj (k) =
Aij ) 
Aii (w, kM  )
(34)
D. A lfven waves d riv en  by x  po larized  GW
The wave solutions can now be evaluated in Laplace 
space. The Ayy com ponent couples to  the x-polarized 
source term  and excites Alfven waves, viz pertu rbations 
of the  m agnetic field perpendicular to  the  background:
v1(k,w)
By) (k ,w )
i h x w u a \\u a i w +  k
2 LO2 — k 2l
B 0 w +  ku 2 ,,
- v l ( k , u ) ------ ----------- —
u a \ u a i  w +  k
(35a)
(35b)
and from (22) one can easily find the pressure: p 1(k, w) =  
—7p 0vz (k , iv ) .  The m agnetic com ponent can be derived
(33) from (36) as:
B 1
- - =  v l  sin 0 — v lx cos 9 — 1 — u A
w +  k  u2  cos 0 (37)
The fact th a t the  m agnetic field p e rtu rba tion  is orthogo­
nal to  the  direction of propagation  of the GW is d ic tated  
by V  • B  =  0.
The polarizations in the m agneto-acoustic modes are 
illustrated  by Fig. 2 .
and sim ilarly for E'^ z and j '1 z . Note th a t  because 
the Alfven wave propagates obliquely w ith respect to  
the  background m agnetic field, the electric field is no 
longer divergence free and consequently the Alfven wave 
is accom panied by pertu rbations in the  charge density: 
V  • -E1 =  ikE1 =  4nT1.
The polarization of the  Alfven wave com ponents is 
sum m arized in Fig. 1.
Figure 1: Orientation of the perturbations in the Alfvén mode
Figure 2: Orientation of the perturbations in the MSW modes
V. S P A C E -T IM E  SO L U T IO N S
To find the solutions in space-tim e we apply the inverse 
Fourier and Laplace transform ations to  the  results of the 
previous section. We define the phases of the wave modes 
as
w (z  — t).
±kA z — wt  and sim ilarly for $± , f , and ^
A. A lfven waves
The m ost straightforw ard are the Alfven waves (35) 
w ith wavenumber kA =  w/ u a \\:
3
B °
h x
4
1 — uaii •/— 1+uaii -iAii I Allc 0^+ _ ! + wa |
1 +  u a | 1 —u A\\ 1 - u 2m
2ei(Pg
(38)
1v
w
1w vx
2 wA
7and sim ilarly for v1 (z, t), E .1 
(see A ppendix 1).
compressional, we do not find a p 1 or p 1 contribution.
x , z ( z , t )  j X, z ( z , t )  and T 1 (z ,t)
Since the Alfven waves are non- 
1 1
should also have a transverse com ponent, since the am pli­
tudes are proportional to  B 0 sin 0 «  B 00 for small angles. 
Explicitly:
B. M agneto -acoustic  waves B °
0h
- v U z , t ) ------- -L ü z^ [e 1^ }  +  0 [ d 2}. (42)
y 2
Slightly more com plicated is the coupled superposition 
of slow and fast wave modes, polarized in the x —z  plane.
The excited slow m agnetosonic wave is a purely os­
cillatory wave propagating  b o th  in the  forward and the 
backw ard directions.
1 h + UA L u l
z 4 u i —uèf
h+ u A iu 2 
4 u 2 —u 2
1+MS e  
1 u ,
I - u s
1 +  u , u ,
4ei0g
1 u 2
1 + u f ei^i  1—u f ei^f
1 — u f u f 1 +  u f u f
4ei0g
1 — u j
and:
1 „ h+ c ru i I
v rr. ta n  9 =  —- --- „ AJz
t uj2 — u2
1 + u s e^s1
2 2 1+ u f ei^f 1 —u f ei^f
4u2ei^g
1 — u \ 1 u , u ,
1—uf uf 1 + u f uf
1 — u s e^s 4u2ei^g
■ H-----------------------1-------5-------
1 +  u , u , 1 — u ,2
(39)
(40)
Note th a t  for cs 1 0, v 1 ±  B 0. If also 0 =  n /2  the  lim iting 
behavior is: u f ^  u a , u s ^  0 and we retrieve our original 
idealized solution.
The rem aining m agneto-acoustic wave com ponents, 
B 1 (z, t), E 1 (z, t), j ^ z ,  t), p 1(z, t), and p 1(z, t), are equiv­
alent superpositions of slow and fast waves bu t w ith dif­
ferent relative am plitudes, sum m arized in Appendix 2 .
V I. A W A R M  R E L A T IV IS T IC  P L A S M A  W IN D
We now w ant to  consider a warm  relativistic plasm a 
wind flowing out in the z direction w ith constan t (back­
ground) velocity ß  and corresponding Lorentz factor 
7tot =  1/ \J  1 — ß 2 ■ We are allowed to  use simple Lorentz 
transform ations in th is general relativistic trea tm en t, be­
cause the whole concept of g rav itational waves as small 
pertu rbations of the background space-tim e (linearized 
theory), relies on the fact th a t we can tre a t the GWs as a 
field living in flat space-tim e as long as the scale of cur­
vature is much larger th an  the wavelength of the GWs: 
R  ^  AGW, which was verified in Sect. I I B .
From  now on, all quantities derived in the previous sec­
tions for the  comoving frame will be denoted by primes. 
Since the phase of plane waves, ^  =  k ax a , is invariant un­
der Lorentz transform ations, a boost m ostly implies addi-
tion  of velocities. We then  have u'. Uf-ß
and u'. « A || ~ß1—/3«a |
ƒ 1— ßu{ ’ “ s
for the phase velocities and:
us—ß
l —ßus
C. G row th
{v lY
7 2
(43)
In general, for a rb itra ry  u a ,c s, and 0, we always find 
u f >  u s. In the lim it where the phase velocity of the 
fast m ode approaches the speed of light, u f j  1, coher­
ent in teraction w ith the GW is possible. The am plitude 
of the re trea ting  fast wave («  (1 +  u f)- 1 ) is negligible 
w ith respect to  the  forward wave ( «  (1 — u f)- 1 ). The 
forward wave grows linearly w ith distance because w ith 
kf =  w / u f =  w +  A k to  first order in A k we have:
eikf z -  eiwz w
1 — uf uf Ak (41)
This lim iting behavior is the  same for all m agneto- 
acoustic com ponents (see (A .3)).
For the Alfven waves, the conditions for growing solu­
tions are less favorable because of the  angular depen­
dence of the resonance condition. To in teract coher­
ently  w ith the GW, the phase speed of the Alfven wave 
(vph =  ua cos 0) has to  approach the speed of light. On 
the one hand  th is m eans th a t the wave vector of the 
Alfven wave should be alm ost parallel to  the background 
m agnetic field, bu t on the o ther hand, the  m agnetic field
The boosted background m agnetic field is B 0 =  
(yB 0', 0, B 0') and in the  labora to ry  frame one finds a ze­
ro th  order electric field E 0 =  —ß  x B 0 =  (0, — ßYB0', 0).
A. R e la tiv is tic  A lfven waves
We define yUa =  1/(1 — uA \) +  O[02] as the  Lorentz 
factor associated w ith the Alfven speed for small 0 and 
boost (A.1) to  the labora to ry  frame as an example:
1 _  hx u AiYu
4 1 — uA\\ß 
1 +  uAi \  2 e^A
u A\\ (1 +  ß2) — ß(1 +  u A| )]ei^g
1 + ß 1 +  uai Y4 lu a
(44)
O r in the  u ltra-relativ istic  lim it u a  j  1 (and ß  ^  1):
v ly { z , t )  « (45)
,
1vz
1 1v vz x,y
iwziA k z.
y
4Y
8B. R e la tiv is tic  M SW
In a Poynting flux dom inated force-free plasm a wind, 
where the m agnetic energy density  strongly dom inates 
the m a tte r density, the plasm a flows out a t u ltra- 
relativistic velocities. In this regime the phase velocity of 
the fast mode approaches the Alfven velocity, u f ~  ua j  1 
and the phase velocity of the slow m ode becomes negli­
gible, u s j  0. The solutions are therefore quite similar 
to  those found in P aper I, the  m ain difference being the 
angular dependence. For instance:
we find:
X_
7
v '
h+ sin2 0
4y3 (1 — ß  cos 0)2
wz 9  [e ^ g] , (46a)
h+ sin 0(cos 0 — ß) ^ r n , .
v z =  —Tr — —t - - — i---------- 9  e”M  . 46b
7 2 47 4 (1 — ß  cos 9)2
Appendix 4 lists the lim iting behavior of all the  rem ain­
ing MSW com ponents in a relativistic wind.
B1(k,w )
B1 (k,w)
B ° h x (k,cu) uJ2 +  k 2u 2M  
2 w2 -  k 2u 2A[[
B 0h+(k, w) w2 +  k2uA
2 ; 2 — k2u 2
(48a)
(48b)
where the second expression is in the lim it of a Poynting 
flux dom inated wind w ith ua ^  cs j  0 and h+ x (k, w) are 
the Laplace transform s of h+ ,x (z, t) (the reason th a t (48) 
look different from (35b) and (37) is th a t derivatives of 
h+ ,x depend on bo th  w and k in th is more general case).
If we insert (48) in the  Laplace transform  of (47), 
h+ x (k, w) drop out and we find the self-consistent dis­
persion relation for the  coupled fast m agnetosonic - grav­
ita tional (h+) mode:
— k2 =  2(B,0 2
j 2 + k 2u 2A 
)2 — k 2u \
(49)
and the coupled Alfven - g rav itational (h x ) mode which 
looks the same bu t w ith ua replaced w ith u a \\.
The two modes allowed by (49) are given by:
V II. D A M P IN G  O F T H E  G W
To find an evolution equation for the  gravitational 
waves, we pro ject the  transverse traceless p a rt of the 
stress-energy p e rtu rba tion  as in (2) (as we discussed at 
the  end of Sect. I IE , (1) and (2) also hold in the o n f ).
The pertu rb a tio n  of the  m a tte r p a rt only has $TTT =  
$TTT =  p 1(z ,t)  which is purely gauge (the trace can be 
removed by a gauge transfo rm ation). Only the m agnetic 
field in teracts directly  w ith the gravitational waves. All 
the o ther pertu rbations are excited through the MHD pro­
cesses in the plasm a. In the  general case where oblique 
h+ GW excite slow and fast m agneto-acoustic waves and 
h x GW excite Alfven waves, (3) is replaced with:
□  h4 4B0 B1, □ hx 4B0 B1. (47)
As we discussed in Sect. I IB  we have assum ed th a t the 
GW have a slowly varying am plitude H (z ). We have ne­
glected th is variation in studying the interaction  w ith the 
plasm a since in the  short-w avelength approxim ation all 
the  derivatives have It is however this
slowly varying am plitude th a t describes the dam ping of 
the GW. We could find an order of m agnitude expression 
for H (z) by integrating  (47) using (A.2) and (38), bu t 
th is w ouldn’t  be entirely  self-consistent since in deriving 
(A.2) and (38) we already assum ed th a t w =  k for the 
GW.
It is, however, possible to  derive a dispersion relation 
for the dam ped GW and the excited MHD waves sim ulta­
neously in a self-consistent way. If we assume th a t the  
GW oscillates a t a fixed frequency bu t leaves the spatial 
dependence unspecified (e.g. a boundary  value problem  
w ith h (z ,t)  «  h (z )e—iwt) we can still solve the full set of 
MHD equations in Laplace space. For the m agnetic field
k l,2u \
l - u \
t + 1
l - u \
±  W 1 +  2t
■i +  UA
l - u \
+ 12 (50)
in term s of e =  [ —  
(50) reduces to:
ox 2 2ul
k12 =
1— u
1 t
For smallwAk 1+UA
1 +  uA +  O [t2], (51a)
k |uA  =  w2 (1 +  2t) +  O [t2]. (51b)
Mode 1 corresponds to  a superlum inal mode w ith phase 
velocity w /k 1 >  1 and m ode 2 is subluminal:
v2h,1
“i
=  1 +  
= 1
2(B ° r  l+ul
CO2 1—U2A
(2  u i
vg2r,1
V%,2
“A
=  1 —
=  1 +
2(B°J2 l+ul  
to2 1—u2a 
(2 B ° f  u i
w ith vphi1vgr,1 =  1 and vphj2vgr 2 =  uA . B oth  modes have 
group velocity d w /d k 1 2 <  1 as long as (consistent w ith
[17]):
8nG  (BX)2
v xJ < u j ( A k )c .
c2 p 0
(52)
In the lim it t  C  1, (51b) reduces to  a fast m agnetosonic 
wave in flat space-tim e (or, equivalently, to  the Alfven 
mode for h x ). Mode (51a) reduces to  a vacuum  GW, 
justifying our approxim ation h + ,x «  eiw(z—1) in deriving 
the plasm a pertu rbations in Sect. IV .
V III. IN T E R P R E T A T IO N
In th is section we present an intuitive in terp re ta tion  of 
our m ain results: th a t a +  polarized GW excites m agneto- 
acoustic waves and a x polarized GW excites Alfven 
waves in a uniform  m agnetic field.
2w
2w
2
2A
2 1—uA 2 1—uAw
9The driving force exerted by a GW on test particles is 
described by (12). These equations can be illustra ted  by 
force lines in the plane orthogonal to  the propagation of 
the GW [8]. In tegrating  (12) twice w ith respect to  tim e 
results in the well known equations of spatial deviations 
of test masses in an interferom eter detector such as LIGO:
öx =  2 ^h +x ° +  ^xJ/o), 5y ~ ( h x x 0 -  h+y 0). (53)
In the MHD lim it these test particles are ‘glued’ to  the 
m agnetic field lines, so the m agnetic field will exhibit the 
same behavior (in fact the presence of the plasm a is not 
required, the m agnetic field lines can ju s t be viewed as 
param etrized by (53)). Since the action of the GW is only 
in the x — y plane, and the m agnetic field lies in the  x — z 
plane we expect th a t  a +  polarized GW results in:
SBX oc - h+B ° 5 By «  \ h +B y =  °, (54) Figure 4: Merging neutron star binary
and a x polarized GW excites:
SBX oc ^ h xB ° =  0, SBy oc ^h xB°. (55)
This is exactly  w hat we found in the  m athem atical tre a t­
m ent of the previous section. P ertu rbations in the other 
directions are higher order effects.
B„°* B„‘(z)
V(z)
Figure 3: The M SW  (left) and Alfven mode (right) illustrated 
as an oscillating vector field. The x  — y  axes in the right figure 
are rotated by n /2  with respect to those in the left figure.
Fig. 3 gives a schem atic illustration  of the pertu rbed  
m agnetic field in the two wave modes. The left figure 
shows the vector field (in a rb itra ry  units) for the oblique 
m agneto-acoustic wave propagating  in the z-direction. 
The pertu rbations are highly exaggerated to  emphasize 
the effect. Amplification of the m agnetic field occurs 
when B 0 is amplified and dilution when B 0 is suppressed. 
Since B z0 is constan t the  to ta l m agnetic field has an overal 
wavy pattern .
Alfven waves are non-com pressional and only set up 
a v ibration  in the  field lines perpendicular to  the back­
ground field (B1 ). This is illu strated  in the right figure, 
where the axes are ro ta ted  to  emphasize the y — z plane.
In a pulsar environm ent the plasm a initially flows out 
along the  open field lines bu t develops into a force-free 
wind outside the light-cylinder in which the toroidal com­
ponent of the m agnetic field dom inates the  poloidal one. 
Here the  m agnetic field is predom inantly  perpendicular 
to  the radial propagation  of the  wind as illustra ted  by 
Fig. 4 . G ravitational waves would m ainly excite Alfven 
waves in the former region, whereas in the  la tte r case the 
m agneto-acoustic waves are favored. In the relativistic 
wind the GW frequency is red-shifted and the interaction  
is suppressed by y —2, bu t the in teraction  length scale 
becomes very large.
IX . C O N C L U SIO N S
We have studied the propagation  properties of a plane 
polarized grav itational wave in a m agnetized astrophysi- 
cal plasm a in the m ost general case. B oth  polarizations 
of the GW have been taken into account. Oblique propa­
gation w ith respect to  the  background m agnetic field was 
studied  including pressure term s, and relativistic veloci­
ties. The only approxim ations in this trea tm en t are the 
MHD conditions for the plasm a, the linear pertu rbative 
approach, the geometric optics or small wavelength limit 
for the  gravitational waves, and our assum ed geom etry 
of the in teraction region.
The result is a very rich astrophysical problem , where 
all three fundam ental plasm a wave modes are excited, 
two of which can in teract coherently w ith the driving 
grav itational waves, and as a result grow linearly w ith 
distance, dissipating GW energy into the plasma.
Alfven waves are excited already in linearized theory  
by x polarized g rav ita tion  waves propagating  a t an angle 
w ith respect to  an am bient m agnetic field, a result th a t as 
far as we know has not been found before (note th a t bo th  
conditions, oblique GW propagation and x polarization,
10
are required). The Alfven waves are non-compressional 
shear waves th a t have orthogonal electrom agnetic com­
ponents w ith a corresponding drift velocity in the plasma, 
a current flowing along the electric field and a deviation 
from charge neu tra lity  caused by the divergence of the 
electric field, bu t no pressure or density  com ponents. To 
in teract coherently w ith a GW one has to  find the opti­
m um  of longest in teraction  length scale and significant 
am plitude as a function of the angle between the Alfven 
wave vector and background m agnetic field as was dis­
cussed in Sect. V C.
As we already derived in a P aper I, +  polarized grav­
ita tional waves excite m agneto-acoustic waves p ropagat­
ing parallel to  the  gravitational waves. In th is paper we 
have generalized our previous trea tm en t to  include the 
oblique m agnetic field and a relativistic equation of sta te  
w ith non-vanishing pressure. As a result we find bo th  
the slow and the fast m agneto-acoustic waves w ith phase 
velocities th a t depend on bo th  the electrom agnetic and 
the m atte r properties of the plasm a.
The m agneto-acoustic wave modes are compressional 
waves, th a t excite pressure, density, and m agnetic field 
gradients along their wave vector direction, bu t no per­
tu rb a tio n  of charge neutrality . The electric and the m ag­
netic field pertu rbations and the wave vector are m utu­
ally orthogonal ( E 1± B 1±fes,f), bu t the  drift velocity is 
no longer exactly  perpendicular to  the m agnetic field due 
to  the  pressure. O f course, the  plasm a m otion in a GW is 
non-com pressional bu t it generates m agnetic field com­
pression if it propagates across a m agnetic field either 
in a vacuum  or in an ideal frozen-in plasm a, and hence 
couples to  the  m agneto-acoustic wave.
As to  the  slow MSW, no coherent in teraction  can occur 
w ith the GW since the phase velocity of the slow m ode is 
always much sm aller th an  th a t of the grav itational waves. 
Therefore the  am plitude does not grow in tim e or w ith 
distance and  cannot become significant.
The m ost effective in teraction  occurs between the GW 
and the fast m agneto-acoustic wave. The phase velocity 
of those waves can easily approach the speed of light in 
a strongly m agnetized plasm a (in the lim it ua ^  cs) as 
we derived in P aper I and therefore the waves will grow 
linearly w ith distance. As the plasm a waves grow, the 
am plitude of the grav itational waves decays correspond­
ingly bu t as long as the  to ta l length of the in teraction re­
gion is smaller th a n  the background curvature produced 
by the plasm a itself, th is will only be a small fraction of 
the  to ta l gravitational wave energy.
Astrophysical applications of the above interactions 
lie in sources of strong grav itational waves em bedded 
in strongly m agnetized plasm as. Exam ples are non- 
spherical ro ta ting  neutron  stars, fast ro ta ting  neutron 
stars  th a t  are unstable to  torsional oscillations, non- 
spherical supernovae collapses, m agnetars, and the pro­
genitors of gam m a-ray bursts (non-spherical collapse of a 
massive s ta r or a m erging neutron  s ta r binary). Most of 
these sources are probably  accom panied by an extended 
strongly m agnetized and force-free plasm a wind, flowing
out a t u ltra-rela tiv istic  velocities. Since the coupling con­
stan t of gravitational waves is exceedingly small, only in 
the m ost extrem e sources will the interaction w ith the 
plasm a be significant.
Fig. 4 shows as an exam ple a b inary  neutron  s ta r as a 
gam m a-ray bu rst progenitor. For such a m erging binary  
w ith a m agnetar class surface m agnetic field of 1012 T 
[18], an angular frequency a t the end of the spiral-in 
phase of the order of 1 kHz and a force-free wind flowing 
out w ith a Lorentz factor of r  ~  100 up to  a fraction of 
a light year, a to ta l energy of 1043 J  can be transferred  
from the gravitational waves to  the  wind.
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A ppend ix : ALL S P A C E -T IM E  SO L U T IO N S
1. C om oving A lfven w ave com ponen ts
The com ponents of the Alfven wave can be derived 
m ost easily by sta rtin g  w ith i t ’s velocity com ponent:
h x
u a i
1 +  MA||ei0+ _  1 MA|| _ 4 u A il e^®
1—u A| 1 +  uai 1—u A\
From  E 1 =  v B 0 we find the electric field:
(a .1)
B 0 B 0
whereas the  curren t density  follows from A m pere’s law:
4n uA\\
The charge density  is given by V  • E 1 =  4nT1 :
t  1 (z ,t)  iw hx 
B 2  ta n #  4
1 + u AI 1—u AI . , — 4uA|,ei0® 
A|1 .»0A-I______A _  1
1 — u A
-e^A +
1 + uai 1—u Ai
2. C om oving M S W  com ponen ts
The m ost com plicated MSW com ponent is the m agnetic 
field th a t clearly betrays the mixed na tu re  (gas and elec­
trom agnetic fields) of this mode.
B 0h
=  I j - f ^ [ C ( z , t ) + D (z ,t )]  (A.2)
4 (u f u s )
1vy
4
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with: 3. A ll u ltra -re la tiv is tic  A lfven w ave com ponen ts
C  (z ,t)  =  —
2(u2 — u;:)(1+uA )ei0® u f (uf+ uA)ei0f
+
(1 —u2)(1—us2)
U f( u f—u ‘A )el^i ^ u s (us -\-uA )e1^  ^ u s (us — u j j e 1'
1 — uf
1 +  uf
and:
D (z, t) =  —uf u s
1 us
2(u2 — u s2)
1+u'A|| ç j é .
(1 — u2)(1 — u s2)
1+  us
F irst we evaluate B y in term s of labora to ry  quantities 
(boosted phase velocities etc. [21]):
p , fex7 l AB l  
v  47
1 +  u A| \  2 ei0+
+  ß 2)(1 +  uA| ) — 4ßuA |]e,i0g
1 +  ß
+
1 +  ß  A 2 ei0—
1 +  uA|
(A.4)
+
1—uA 1—uf
2  ^u  A \ uf
1 us1—u A + -
u s
ei0+
1 -  uf
e ^ +
1 u
+
1—u A
1—u A
1 -  u f 
u f 
1 -M S
u s
e^ 0£
1 +  uf
e ^ r
1+ us
Note th a t  in the  relativistic lim it (us j  0) D  vanishes. 
From  E  =  — v 1 x B 0 we have:
(z ,t)  =  B 0v1(z,t) — B0v1 ( z , t ) - 
The curren t density is m ost easily found as:
7i fz t ) = ____ l^ - ^ v H z  t)
} B °  cos# c2
and the pressure is derived from (22):
Now we can express all o ther com ponents of the  Alfven 
wave in term s of (A.4) and (44):
B y
E x
E z
j  z
Y(B y + ß E X) =  YB y —ß 7 B0vy, 
y (e x + ß B y) =  Yß B y —7 B0vy,
E Z =  —B 'xv 'y =  — B xvy,
jx
B X
8nY2yUa (ua — ß)2 ’
B 0
+  ßT') =  g^r 
B 0
7 ( ^  +  ß iD  =
n d v y
i u j v y - 2 ^ ß —
dvy
lU jßVy-  2 7 -7 ^
YP0 4 u2 — u s2
1 + ms e
1 _  us
+
1 -  u s ei0
1+ms u s
4ei0g 
1 - u *
h+ uA± uf
4
l + M f e * ^  1— Mf e*^f 4e*^g 
1 -  u f u f 1 +  u f u f 1 — u2
4. A ll u ltra -re la tiv is tic  M S W  com ponen ts
which readily leads to  the energy density:
^ 1(z, t) =
p 1(z, t)
We will only consider the lim it of a Poynting flux domi­
nated  u ltra-re lativ istic  wind and Lorentz transform  (A.3) 
(w ith w =  y (w' +  ß k ')  — 2yw'):
In the lim it of a Poynting flux dom inated wind where 
u f — ua Î 1 and p 0 j  0 so u s — cs j  0 the fast mode 
can in teract coherently w ith the GW and we find growing 
am plitudes for all components:
B 1 (z ,t)  v1 (z ,t)  M1(z,t)
B0
E l ( z , t )
sin 6 cos 6 m0 sin 6
B0
B ° J y { z ,t )  
fjPu)
h
—  sin#  ujz 9  |e*^®l ,
2 L J ’
sin2 0LÜZ-R [e^*] .
(A.3)
B x =
E y
h
Y (s ;  -  ßE'y) ~  27 s ;  =  —^ B ° xujz 9  [e4*®]
y (E y —ß B x) — —B x
j y
M
j y
h+ M0 sin2 6
y 8y3 B0 (1 — ß cos6 )2
' h+ m0 sin 6 r i0
YM =  -----------wz 9  le
4y 1 — ß  cos #
[ei0®] .
2 4A Y
A
A A
j x
1P
c
2
[1] M. Gertsenshtein, Zh. Exsp. Teor. Fiz. 41, 113 (1961). [2] S. Gayer and C. F. Kennel, Phys. Rev. D 19, 1070 (1979).
12
[3] K. S. Thorne (1989),
h ttp ://e lm e r .ta p ir .c a lte c h .e d u /p h 2 3 7 /.
[4] P. G. Macedo and A. H. Nelson, Phys. Rev. D. 28, 2382 
(1983).
[5] J. Moortgat and J. Kuijpers, A&A 402, 905 (2003).
[6] M. Servin, Ph.D. thesis, Department of Physics, Umea 
University, Sweden (2003).
[7] D. Papadopoulos, N. Stergioulas, L. Vlahos, and J. Kui­
jpers, A&A 377, 701 (2001).
[8] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Grav­
itation (San Francisco: W.H. Freeman and Co., 1973, 
1973).
[9] Y. B. Zel’dovich, Zh. Eksp. Teor. Fiz. 65, 1311 (1973).
[10] D. Papadopoulos, A&A 396, 1045 (2002).
[11] M. Servin and G. Brodin, Phys. Rev. D 68, 44017 (2003).
[12] G. F. R. Ellis and H. van Elst, in Theoretical and Obser­
vational Cosmology, edited by M. Lachieze-Rey (Kluwer, 
Dordrecht, 1999), pp. p. 1-116.
[13] K. S. Thorne and D. MacDonald, MNRAS 198, 339
(1982).
[14] G. Brodin and M. Marklund, Phys. Rev. Lett. 82, 3012 
(1999).
[15] A. Achterberg, Phys. Rev. A 28, 2449 (1983).
[16] D. B. Melrose, Instabilities in space and laboratory plas­
mas (Cambridge and New York, Cambridge University 
Press, 1986, 290 p., 1986).
[17] G. Brodin, M. Marklund, and M. Servin, Phys. Rev. D 
63, 124003 (2001).
[18] A. I. Ibrahim, J. H. Swank, and W. Parke, ApJ 584, L17 
(2003).
[19] The rest-space volume element is related to the 4D ele­
ment ^ c d  = e[abcd], ^  det by eahc = eahcdud.
[20] However, the commutation functions are defined in such 
a way as to give the same permutation of indices in the 
connection coefficients.
[21] We will omit the superscript on first order quantities to 
avoid confusion with the primes.
